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Cac phuong phap CFD
Phwong phdp sai phan hiru han. Phwong phdp thé tich hiru han. Phwong phdp phan tie
hizu han.
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1. Péiloi mé dau va nhirng khai niém co ban

Phuong phép sai phan hitu han, phuong phap thé tich hitu han, phuong phap
phan tir hitu han, ... 1a nhithg khai niém rat thuong gap khi ban doc céc tai liéu
CFD. Nhung cu thé n6 1a céi gi, chac khong phai tat ca moi nguoi déu cd mot cach
hiéu dung dan va thong nhat. Mot sé ban ¢ gui thu cho toi dé dat cau hoi va khi
dé cap dén céc thuat ngir ndy cac ban da am chi c4c pham tru khac. Khong it nguoi
dé nghi va nhiéu lan thuc giuc t6i viét mot bai tong quan vé van dé nay. Tha that 13
dén tan hdm nay mai cé chat thoi gian rdi ¢é ma viét, mong cac ban hét stc thong

cam.

Bai viét véi van phong hoi thoai, don gian va dé hiéu nhat dé cac ban dé tiép
nhan. Noi dung cuia né ciing chi & mic do khai niem pham trt gitp dé hinh dung
chir hoan toan khong phai 1a mot cong trinh nghién ciru phuc tap va nghiém tuc. Vi
thé cac mé hinh duoc xét ciing duoc don gian hda, cac cong thirc toan hoc ciing

duoc gian lugc bét dé tap trung vé phuong dién hinh thire hoa.
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FDM, FVM, FEM, ... st dung trong CFD, duoc goi chung la cac phuong
phap CFD. Ta c6 phuong phap sai phan hitu han (Finite Differences Method —
FDM), phuong phéap thé tich hitu han (Finite Volume Method — FVM), phuong
phap phan tir hitu han (Finite Element Method — FEM) (tat nhién 1a con nhiéu
phuong phap khac nita, nhung trong bai minh chi gii han cac phuong phap ké

trén).

Khong mat tinh téng quat va dé don gian hda viéc dién giai, cac vi du duoc
xét trong khdng gian mot chiéu hoac hai chiéu. Cac thuat ngit s& duoc giai thich
trudc Khi stir dung.

Pau tién ta phai hiéu so do sai phan la gi. Gia sir c6 ham sé f(x) lién tuc trén
mién D nao d6. Chia mién D thanh cac doan c6 do dai 12 h, ma sau nay ta goi d6 1a
ludi tinh toan. Khai trién Taylor ding ham f(x) tai diém x; ta co:

f(x +h)=f(x)+nhf'(x)+..

f(x +h)—f(x)

Tudo: f'(x)= +0(h)

Trong tinh toan bang phuong phap sb ta xap xi nghiém can tim bang nghiém
gan dung. Gia sir can tinh '(x) v&i do chinh xéac bac nhat, khi dé co thé sir dung

f(x, +h)—f(x)

cong thic khai trién Taylor gan dung & trén, tac 1a f'(x )= X

+0(h).

R3 rang h c6 thé nhan gia tri bat ki, ngoai trir 0. Gia st |h=d >0, tir cong thuc trén
ta cO cac kha nang sau:

r(x)= +dd)‘ )., ofa), )

hoac

f,(xi)_—f(xi—h)+f(xi)+o(d). (**)
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Pé dé hinh dung ngudi ta stir dung viéc ghi nhé cong thic nho vao so dd
hinh twong, tng véi cong thie (*) ta vé diém x; va diém x;+d dé ghi nhé 1a khi tinh
f'(x ) thi stir dung dén gia tri caa f(x) tai hai diém nay. Tuong udng ta cling c6 mot
hinh biéu dién diém x; va diém x;-d cho céng thtrc (**). Xem céc hinh dudi day:
Xi xi+d xjd Xi
M M
Cong thac (*) Cong thuc (**)
So d6 sai phan (hay 1a sai phan hitu han) duoc hiéu mét cach ném na nhu
Vay.
2. Phwong phap sai phan hiru han
Phuong phap sai phan hitu han sir dung so d6 sai phan dé xap Xi cac toan tir
(toan tir dao ham riéng, toan tir tich phan, ...) dé giai cac hé phuong trinh ma
khong xét dén cac dac tinh vat Iy caa mé hinh. Vi du, ta xét phuong trinh d6i luu
sau c6 dang du/dt + du/dx = 0 trong mot mién D nao dé. Gia st cac diéu kién dau,
diéu kién bién da biét va c6 thé cho néu can thiét.

t

in +dt

Xi-h Xi
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Str dung cong thie (*) dé xap xi toan tir dao ham riéng theo x ciing nhu theo
t, ta cd: (u(x;,t,+dt)-u(xi,t,))/dt + (u(xi,t)-u(xi-h,t,))/h = 0. Tir 6 dé dang tinh duoc

u(x;,t,+dt) theo cac gia tri da biét 1a u(x;,ty), u(x-h,t,).

Thém mot vi dy nita dé minh hoa phuong phap sai phan, xét hé phuong trinh

khi dong luc hoc mot chiéu (hé phuong trinh Euler mot chiéu):

a_p+aﬂ=0

ot OX

opu 0

—~— 4+ —(puu+p)=0
6t+8x(pu p)
ope O
—+—pule+pu)=0
o axp“( pu)

Phuong trinh thit nhat ctia hé trén 1a phuong trinh bao toan khéi luong. Sir
dung so dd sai phan nhu & hinh trén ta roi rac hoa phuong trinh dinh luat bao toan
khéi lugng nhu sau:

plxety + )~ ) , (pu)in)—(ouy —hit,)
dt h

Pbi V6i cac phuong trinh con lai 1a phuong trinh dinh luat bao toan dong

lugng va nang luong ta roi rac hoa tuong tu.
Phuwong phap sai phan hiru han dai khai nhuw vay.
3. Phwong phap thé tich hiru han

Gio ta sang phirong phdp thé tich hiru han (FVM — Finite Volume
Method). Hiéu ndm na thé tich hitu han 1a mot don vi thé tich khdng gian khong
I6n qua, ciing khong nho qua. Vi du nhu trong vat ly khi khoanh viing vat chat dé
Xét, ta chon mot viing vira phai dé no du nho, dé c6 thé xem tinh chat cua céc hat
nam trong pham vi dang xét gan gan nhau, nhung thé tich ta dang xét khong qua
nho dé sé lugng hat vat chét chira trong d6 1a v6 cing 16n. Trong mién tinh toén, ta

chon mat thé tich hitu han V dugc bao boi mat kin S. Trong trudng hop mot chiéu
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(hai chiéu néu tinh ca chiéu thoi gian) thi thé tich V duoc thay bang mién D va mat
S duoc hiéu Ia bién G caa mién D. Thé tich hitu han va mit bao cia n6 dugc goi la
thé tich kiém soéat va mat kiém soat. Thong thudng ching cé dinh trong khdng gian
theo thoi gian, nhung vé nguyén tac khéng nhat thiét luc nao ciing nhu vay. Lay
tich phan phwong trinh dinh luat bao toan khéi lugng ta duoc phuwong trinh dinh

luat bao toan khéi luong dang tich phan:

i (a—p+6ﬂjdxdt -0
s\ot  ox

Theo cdng thirc Green ta co:

op Opuj
—— +—"— |dxdt = X — pudt =0
ﬁ(&t OX ipd ~

§pdx—pudt:O
G

C6 nhiéu cach khac nhau dé chon thé tich kiém soat, trong truong hop don
gian nhat mgt kiém soat s& chon triing voi cac mat cua 6 ludi tinh toan. Trong
truong hop nay (xem hinh duéi) cong thuc tich phan & cong thire cudi cling o trén

duoc viét lai nhu sau:
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In

t, +dt t, +dt

§de—pudt= ]ip(x,tn)dx— ifp(x,tn+t)dx+ jpu(xi,t)dt— jpu(xi—h,t)dt:O

n n

Do chinh 1a cong thirc cho phuong trinh bao toan dong luong trong phuwong
phéap thé tich hizu han. Cac tinh cac tich phan theo cac duong, hay néi ding hon 1a

theo cac mit cia 6 ludi tinh toan t6i khong dé cap dén trong bai nay.
Phwong phdp thé tich hitu han né dai khai 1a vay.
4. Phuwong phap phan tir hiru han

Tiép theo 1a phurong phdp phan tir hiru hgn. Phan tir hitu han no 1a cai gi?
Xin thwa véi cac ban (t6i n6i trong ngir canh linh vuc CFD va ciing chi dé cap dén
linh vuc ndy ma thdi) phan tir & day 1a cac ham sé co so, va hitu han 1a vi khéng
gian xac dinh ctia cac ham s6 co so nay 1a hitu han. Mot phuong phap kha phd bién
va phat trién ngay nay ma minh biét dén 1a phuong phap phan ti hitu han khéng
lién tuc Galerkin (Discontinuous Finite Element Method Galerkin). Thong thuong,
cac ham co s& dugc dinh nghia trén mién kiém soat (thé tich kiém soét). Cac ham
s6 (hay chinh xac hon 1a 11 giai bai todn ma ta can tim) trén mién kiém soat s&
duoc phén tich trong khong gian ham theo cac ham co sé da chon. Khong gian
ham co s& ma ta chon cho mot bai toan c6 dang nhu nhau trén cac mién kiém soat
khac nhau, ching chi khac nhau vé tap xac dinh. Xét bai toan vi du dudi day cac

ban sé& d& hinh dung van dé hon.

Vi dy, xét bai toan bién phuong trinh dbi luu voi sy ¢ mat cua phan tu

ngudn sau day:
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a—u+a—u:S(x),O<x<1
ot Ox
u(0,t)=0 1)

u(x,0)=0

Goi K — bac cua khdng gian ham (1a bac cao nhat cua cac ham co so, gia
str cac ham co sé ¢6 dang da thic), K, — s6 luong ham co s¢ trong mdi phan tir

(trong m&i thé tich kiém sodt), rd rang 14 K, =K+1. {p} — cac ham co so,

X—X, X=X Y
n=lLo,=——,0= oo

h h
S(x) = x — phan tir nguén gop mat trong phuong trinh doi luu & trén.

Sau khi da dinh nghia xong cac khai niém can thiét, nghiém can tim trong

mdi phan tor s& dugc tai to6 chac lai (reconstruction) theo cong thic sau:

Kf R ; . ,
ul(x)=u’+> ple , tac la no s& dugc khai trién theo cac ham co so.

i=1

Lan luot nhan phuong trinh (1) cho ting ham sé trong khéng gian ham co so

roi 1dy tich phan theo thé tich kiém soét, ta co:
ou ou
—od . —dx=| Sed 2
([at(p'H!f”'axXi(”'X )

X X

N

X

= u 9% g
i- 19)4

Str dung cong thac tinh tich phan tung phan: j qoi%dX:goiu

ol T

NI

X
i

ol

cho biéu thire (2) di voi tirng phan tir thir i ta co:
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X

Aupij _ XHl ¢ Xi% =TT
M (T] = J.xif S¢idx+x'[1 Ve.udx-Ug. * =R(up)
Kf _
U[X. 1j:u[x. 1JZZUpiJ¢’i (3)
|+E |+§ T

O day ta sir dung up dé ki hiéu nghiém nhan duoc trong qué trinh tinh toén
dé phan biét véi nghiém dung, nghiém giai tich u.
Cong thic tinh nghiém & 16p trén (6 budc thoi gian tiép theo) nhu sau:

up - =up " +AtM ‘@(@) ,

J.%(Dl I(ol(pKf
trong @6 M=| .. .. .. |lamatran di trong (matrix of weights), R —

I¢Kf¢1 I¢Kf¢Kf

vector sai s6 kép cua nghiém. Phan tir j cua vector sai s6 kép duoc tinh theo cong

X

thic: R, =

X

X

N

4

i+ 8¢) Xi , : Kf i
Spydx+ [u—tde-Up,|," rae u'(x)=u +Z1 Pio; -

j=

NN

T

N

Nhu mét bai thuc hanh don gian, cac ban c6 thé xét mot sé trudng hop cu
thé sau day:
1. Xap xi nghiém bac nhat (sir dung khéng gian ham co s ¢6 bac 0)
K=0K, =L¢ =1
M =[]
M~ =[1]
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2.
bac nhat)

3.
co bac 2)

=

ole

R :{X?z —(UR—UL)} {hxi —[u [XH;J—U {xi_;m , trong do6

U[x . U (x, IJ tinh theo cong thtrc (3).

i+= i——
2

Xap xi nghiém vai d6 chinh xac bac 2 (sir dung khong gian ham co s

{h OJ
M:
o N
12
1
M‘l—%ﬁ 0
0 1

hx, —(UR—RL)

[
) E+upl - %(XHJUR_%(XHJUL

2 2

Xap xi nghiém vai d6 chinh xac bac 3 (sir dung khong gian ham co s

1 0 L
12
M=hl o L o
12
1 5 L
12 80
2 0 s
1K
Mi==l 0 12 0
h

-15 0 180
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Phwong phdp phan tir hitu han dai khai 12 vdy.
5. Nhan xét téng quan

Xét vé do phic tap ta thdy phuong phap FDM 1a don gian nhat, dé code va
code chay muot ma nhat, it ton kém tai nguyén may tinh nhat. Phuong phap FVM
doi hoi code cdng phu va tén kém tai nguyén hon. Phuong phap FEM, theo quan
diém cé& nhan toi, 1a phic tap nhat, va con nhiéu van dé chua rd rang vé phuong
phap nay. Nhin chung trong CFD ngay nay, cac phan mém cong nghiép hién dai
chu yéu stir dung FVM. FEM dang trong qua trinh debug va testing.

Xét vé do tin cay cua cac phuong phéap trong CFD. FDM 1a phuong phap
khong bao toan, vi thé nghiém thu duoc khong phai luc nao ciling bao dam dugc
cac tinh chat vat ly can thiét cua tirng bai toan (nghiém khdng xéac thuc). FVM 1
phuong phap bao toan, vi thé n6 tét hon vé phuong dién nay. Thuong thi nghiém
thu duoc nhd FVM s& dam bao duoc cac tinh chat bao toan va dinh luat ting
entropy. FEM xay dung co s& ham ti mi cong phu ciing c6 thé dap tng céc tinh
chat vat ly can thiét mot cach dang din. Tuy vay, tién hanh debug FEM cho nhiéu

|6p bai todn can tén nhiéu thoi gian cdng strc hon so voi FVM.

C4c van dé vé tinh 6n dinh trong FDM 14 rd rang nhit. FEM kho6 danh gia
tinh on dinh do su gép mat caa cac phan tir phi tuyén 1a cac vector sai s6 kép cling

ma tran déi trong. Cau hoi 16n dit ra khi xét dén bai toan hoi tu trong FEM.

Nhin chung FDM phi hop véi viéc nghién ctu, tiép can phuong phap CFD
cho cac d6i tugng mai. FVM dap ng nhu cau céc bai toan thyc tién. FEM 1a doi
tugng nghién cau, va tiém ning, rat c6 thé nd sé 1a su lua chon cua tuwong lai vi rat
nhiéu tinh tiy déu tap trung ¢ ddy va nhiéu cong suc cua cac nha bac hoc ciing

dang d6 don vao day.
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Hi vong cac ban da c6 thé hinh dung duoc ddi chut vé ting phuong phap st

dung trong CFD.



